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Abstract
We make a theoretical attempt to compare the predictions from normal and
inverted hierarchical models, within the framework of µ − τ symmetry. We
consider three major theoretical issues in a self consistent ways, viz., predic-
tions on neutrino mass and mixing parameters, stability under RG analysis
in MSSM, and baryogenesis through leptogenesis. We further extend our
earlier works on parametrisation of neutrino mass matrices obeying µ − τ
symmetry, using only two parameters in addition to an overall mass scale
m0, to both normal and inverted hierarchy, and the ratio of these two pa-
rameters fixes the value of solar mixing angle. Such parametrisation though
phenomenological, gives a firm handle on the analysis of the mass matri-
ces and can also extend its prediction to lower values of solar mixing angle
in the range tan2 θ12 = 0.50 − 0.35. All predictions are in agreement with
observed data except in one case, i.e., inverted hierarchy with opposite CP
parity in the first two mass eigenvalues (Type B) with m3 6= 0, where △m223
is highly dependent on solar mixing angle, and the prediction is good for
tan2 θ12 ≤ 0.45 only. We then check the stability of the inverted hierarchical
model with opposite CP-parities, under radiative corrections in MSSM for
large tan β ∼ 58 − 60 region and observe that the evolution of △m221 with
energy scale, is highly dependent on the input-high scale value of solar mix-
ing angle. Solar angles predicted by tri-bimaximal mixings angle and values
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lower than this, do not lead to the stability of the model at large tan β values.
Similarly, the evolution of the atmospheric mixing angle with energy scale at
large tanβ values, shows sharp decrease with energy scale for the case with
m3 6= 0. However, non-zero value of m3 is essential to maintain the stabil-
ity on the evolution of solar mass scale. We apply these mass matrices to
estimate the baryon asymmetry of the Universe in a self consistent way and
find that normal hierarchical model leads to the best result. Considering all
these three pieces of theoretical investigations, we may conclude that normal
hierarchical model is more favourable in nature.
PACS numbers: 14.60.Pq, 12.15.Ff, 13.15.+g, 13.40.Em
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1 Introduction
The recent global 3ν oscillation analysis[1] indicates a mild departure from
tribimaximal neutrino mixings. The decreasing trend in solar mixing is
also consistent with the prediction from the Quark-Lepton Complementarity
(QLC) relation [2,3,4] at the unification scale where the Cabibbo angle is
taken at high scale[5]. In the theoretical front there are several attempts to
find out the most viable models of neutrinos, and among them the µ-τ re-
flection symmetry[6-10] in neutrino mass matrix at high scale, has attracted
considerable attentions in the last few years. Even the tri-bimaximal mix-
ing[11,12] is a special case of this symmetry. It is expected that this symmetry
has a strong potential to explain the present neutrino observed data[1].
The µ-τ symmetry leads to the maximal atmospheric mixing (θ23 = π/4)
and zero reactor angle (θ13 = 0). The prediction on solar mixing angle θ12
remains arbitrary and it is generally fixed through a parametrisation in the
mass matrix. This symmetry has the freedom to fix the solar mixing angle
at lower values, even far below the tri-bimaximal value, without destroying
the µ-τ symmetry. This is possible through the identification of a ratio of
two parameters (referred to as flavor twister) present in the neutrino mass
matrix and its subsequent variation in input values[13]. We are interested
to parametrise both inverted as well as normal hierarchical neutrino mass
models and then identify the flavor twisters responsible for lowering the solar
mixing angle[14]. It is interesting to note that µ-τ symmetry gives a common
origin for both hierarchical and inverted hierarchical neutrino mass matrices
in agreement with latest data.
The µ-τ symmetry in neutrino mass matrix is assumed to hold in the
charged lepton mass basis, although the charged lepton masses are obviously
not µ-τ symmetric. However, such a scenario can be realised in gauge mod-
els with different Higgs doublets generating the up- and down-like particle
masses[7,9,10,15,16]. A realisation of µ-τ symmetry in the flavor basis within
the framework of SUSY SU(5) GUT, has strengthen the foundation of the
symmetry as a full-fledged gauge theory[10]. We are now interested to in-
vestigate the phenomenological predictions of the µ-τ symmetry in neutrino
sector and also possible application in leptogenesis[7,17]. In the present work
we confine to analysis without phases, keeping our eyes on both predictions
on neutrino masses and mixings consistent with latest data.
The paper is organised as follows. In section 2 we give a very brief
overview on latest developments on µ-τ symmetry in neutrino mass mod-
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els. In section 3 we give the parametrisation of the mass matrices for hier-
archical and inverted hierarchical models in terms of only two parameters
and identify the flavor twisters in both cases. This will be supplemented
by detailed numerical analysis. In section 4 we discuss the stability under
radiative corrections for large tan β values for inverted hierarchical model.
We give a brief account on the predictions on baryogenesis using the same
neutrino mass matrices. Section 6 concludes with a summary and discussion.
2 Neutrino mass matrices with µ-τ symmetry
The µ-τ symmetry in the neutrino mass matrix, implies an invariance under
the simultaneous permutation of the second and third rows as well as the
second and third columns in neutrino mass matrices[6],
mLL =

 X Y YY Z W
Y W Z

 . (1)
Neutrino mass matrix in eq.(1) predicts the maximal atmospheric mixing
angle, θ23 = π/4 and θ13 = 0. However the prediction on solar mixing angle
θ12 is arbitrary, and it can be fixed by the input values of the parameters
present in the mass matrix. Thus
tan 2θ12 = | 2
√
2Y
(X − Z −W ) | (2)
which depends on four input parameters X, Y, Z and W . This makes us
difficult to choose the values of these free parameters for a solution consistent
with neutrino oscillation data. This point will be addressed in section 3 where
the solar angle is made dependent only on the ratio of two parameters, η/ǫ.
Such parametrization of the mass matrix enables us to analyse the neutrino
mass matrix in a systematic and economical way[13]. The actual values of
these two new parameters will be fixed by the data on neutrino mass squared
differences.
The MNS leptonic mixing matrix UMNS which diagonalisesmLL is defined
by mLL = UMNSDU
†
MNS where D = diag.(m1, m2, m3), and
UMNS =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 . (3)
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From the consideration of µ-τ reflection symmetry, UMNS mixing matrix is
generally parametrised by three rotations (θ23 = π/4, θ13 = 0):
UMNS = O23O13O12 = O23O12 =


c12 −s12 0
s12/
√
2 c12/
√
2 −1/√2
s12/
√
2 c12/
√
2 1/
√
2

 (4)
where c12 = cos θ12, s12 = sin θ12. Tri-bimaximal mixing (TBM) is a special
case with c12 =
√
2/3 and s12 =
√
1/3,
UTBM =


√
2/3 −1/√3 0
1/
√
6 1/
√
3 −1/√2
1/
√
6 1/
√
3 1/
√
2

 (5)
where
O23 =


0 0 0
0 1/
√
2 −1/√2
0 1/
√
2 1/
√
2

 , (6)
and
O12 =


√
2/3 −1/√3 0
1/
√
3
√
2/3 0
0 0 1

 . (7)
For completeness we also give the three neutrino mass eigenvalues[9] corre-
sponding to the neutrino mass matrix in eq.(1),
−m1 = 1
2
[Z +W +X −
√
8Y 2 + (Z +W −X)2], (8)
m2 =
1
2
[Z +W +X +
√
8Y 2 + (Z +W −X)2], (9)
m3 = (Z −W ). (10)
The solar mixing angle is given by cos θ12 =
√
m2+X
m1+m2
, sin θ12 =
√
m1−X
m1+m2
.
If X = 0, then we have a simple relation, tan2 θ12 = m1/m2. The general
form of mass matrix in eq.(1) can be fitted to both normal and inverted
hierarchical models. Without changing the expression for the prediction on
solar mixing angle in eq.(2), the parameters X , Z and W can be rearranged
within the texture, giving many possible neutrino mass models obeying µ-τ
symmetry. Some of these models are suitable for normal hierarchical model
and other for inverted hierarchical model. This will be addressed in the next
two subsections.
3
2.1 Normal hierarchical neutrino mass model
Many models based on normal hierarchy [8,9] make the 1-1 term (X) zero in
the general neutrino mass matrix in eq.(1). This reduces one free parameter
in the mass matrix. In the present analysis this can be done from the general
form (1) by a mere rearrangement of parameters, which preserves the solar
mixing angle given in eq.(2). Thus the mass matrix takes the new form
mLL =


0 Y Y
Y Z −X/2 W −X/2
Y W −X/2 Z −X/2

 (11)
which can be simply expressed as[8,9],
mLL =

 0 A AA B C
A C B

 . (12)
As discussed before, such mass matrix has interesting predictions on so-
lar mixing angle in term of a ratio of first two neutrino mass eigenval-
ues[8,9,18,19],
tan2 θ12 =
m1
m2
. (13)
This form of neutrino mass matrix (12) is seesaw invariant[8] in the sense
that both Dirac neutrino mass matrix mLR and the right-handed Majorana
mass matrix MR also have the same form(12) of mass matrix. This model
can be motivated[8] within the framework of SO(10) GUT where both quarks
and charged leptons mass matrices have the broken µ-τ symmetry due to the
presence of extra µ-τ antisymmetric parts in the mass matrices arising from
120 Higgs scalar, while mass mass matrices belonging to three neutrinos
(mLL, mLR,MR) are µ-τ symmetric due to 10 and 126 Higgs scalar in the
SO(10)GUTmodel. In such model there is a correction in UMNS from charged
lepton sector.
Other interesting observations for the neutrino mass matrices (1) obey-
ing µ-τ symmetry, can also be obtained from the seesaw formula using the
general µ-τ symmetric Dirac neutrino mass matrix (1) in the diagonal basis
of the right-handed Majorana mass matrix with two degenerate heavy mass
eigenvalues (M1,M2,M2) [7]. This is true only for normal hierarchical model
and has a special application in resonant leptogenesis.
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2.2 Inverted hierarchical neutrino mass model
In case of inverted hierarchical model, we assume that both CP even and
CP odd in first two mass eigenvalues, have a common mass matrix[13]. The
general form in eq.(1) with Z 6= W will lead to small but m3 6= 0. For sim-
plicity in the phenomenological analysis, one can push to m3 = 0 condition
without changing the expression on the prediction of solar mixing angle (2),
through a simple rearrangement of parameters. The inverted hierarchical
mass matrix has the form
mLL =


X Y Y
Y (Z +W )/2 (Z +W )/2
Y (Z +W )/2 (Z +W )/2

 . (14)
which can be rewritten as
mLL =

 A B BB D D
B D D

 . (15)
This obeys det(mLL) = 0 condition[20] and hence m3 = 0. The above form
(15) can now be expressed as [21],
mLL =


δ1 1 1
1 δ2 δ2
1 δ2 δ2

m0, (16)
where δ1,2 < 1 for inverted hierarchy with CP odd. Particular choices of the
values of parameters (A, B, D) in (15) make the mass matrix either CP even
(B < D) or CP odd (B > D) in first two mass eigenvalues (m1,±m2, 0), thus
signifying a common origin for both mass models. Recently Babu et al [16]
have presented a new realisation of inverted hierarchical mass matrix (16)
based on S3×U(1) flavor symmetry where S3 is the non-Abelian group gen-
erated by permutation of three objects, while the U(1) is based for explaining
the mass hierarchy of the leptons. In this construction the S3 permutation
symmetry is broken down to an Abelian S2 in the neutrino sector, whereas
it is broken completely in the charged lepton sector. The µ-τ symmetry is
then realised in neutrino sector, while having non-degenerate charged lep-
tons. The U(1) symmetry acts as leptonic Le − Lµ − Lτ symmetry which is
desirable for an inverted hierarchical model. The significant deviation of θ12
from π/4 comes from breaking of S2 symmetry in charged lepton sector.
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It can be pointed out here that the form of mass matrix (12) with 1-
1 element zero in the mass matrix, can also be constructed for inverted
hierarchy[22]. Since m1 and m2 are nearly degenerate in inverted hierarchy,
this model leads to nearly bi-maximal mixings tan2 θ = m1/m2 ∼ 0.98,
requiring large corrections from charged lepton sector to meet the data. Such
models have problems and are not favoured by the recent data.
In a significant work by Mohapatra et al [10], the realization of µ-τ re-
flection symmetry in the neutrino mass matrix in the flavor basis (i.e. the
basis where charged leptons are mass eigenstates), has been obtained in a
realistic full-fledged gauge model based on SUSY SU(5)GUT where leptons
and quarks are treated together. In such model the requirement of µ-τ sym-
metry for neutrinos does not contradict with the observed fermion masses
and mixings. The neutrino mass matrix having µ-τ symmetry, is assumed
to arise from a triplet seesaw (type II) mechanism, which disentangles the
neutrino flavor structure from quark flavor structure. The deviations of θ13
and θ23 from 0 and π/4 respectively, come from left-handed charged leptons
mixing matrix.
3 Neutrino mass matrices in two parameters
and numerical analysis
This section is the main part of the paper, where we are interested to express
the general mass matrix (1) with only two parameters η and ǫ, with an
additional mass scale m0. The expression for the prediction on solar mixing
angle (2) will now depend only on the ratio of these two variables, η and
ǫ. Such consideration in the reduction of the number of parameters in the
texture, gives a firm handle on the phenomenological analysis of the mass
matrices obeying µ-τ symmetry. The parametrisations presented below are
not unique. We give such parametrisation for normal hierarchy as well as
inverted hierarchy. The numerical analysis is performed using Mathematica.
3.1 Parametrisation for normal Hierarchy
We present here two forms of parametrisation related to the mass matrices
in eqs.(1) and (12) discussed in section 2 and 2.1, with two parameters η and
ǫ in the texture, and a common mass scale parameter m0.
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Case (i) with X 6= 0: The general mass matrix of the form(1) with no
zero texture, is parametrised by
mLL(NH) =

 −η −ǫ −ǫ−ǫ 1− ǫ −1
−ǫ −1 1− ǫ

m0 (17)
This predicts an expression for solar mixing angle,
tan 2θ12 =
2
√
2
|η/ǫ− 1|
where the ratio x = η
ǫ
is the “flavor twister” in this case. The possible
solutions for lowering solar angle beyond tribimaximal solar mixing, are given
by |η/ǫ − 1| ≤ 1 which leads to η/ǫ ≤ 0 and η/ǫ ≥ 2. The numerical
predictions on deviation from tri-bimaximal mixings for the case η/ǫ ≤ 0
are presented in Table-1. The predictions on △m223 and △m221 are consistent
with observed data for a wide range of solar angle tan2θ12 = (0.50− 0.35).
As an example we cite a representative case for tan2 θ12 = 0.45. Taking
input values for η/ǫ = −0.1595, ǫ = 0.1894 and m0 = 0.029eV , we get
the three mass eigenvalues, mi = (0.00609,−0.0107, 0.05251)eV , leading to
△m221 = 7.75× 10−5eV 2 and △m223 = 2.64× 10−3eV 2.
Case (ii) with X = 0: Following the procedure in eq.(12), the mass
matrix (17) is now modified as
mLL(NH) =


0 −ǫ −ǫ
−ǫ 1− ǫ −1 + η
−ǫ −1 + η 1− ǫ

m0 (18)
where the solar mixing angle prediction corresponding to a choice of flavor
twister, is same as that of eq.(17), except that the relation tan2 θ12 =
m1
m2
is
valid in this case since 1-1 term in the mass matrix is zero. Table-2 gives
the numerical predictions at lower values of solar angle. The predictions
on solar and atmospheric mass scales are consistent with the recent exper-
imental data. In order to have the result for tan2 θ12 = 0.45, we take the
input values for η/ǫ = −0.1595, ǫ = 0.17 and m0 = 0.028eV , and we get
mi = (0.00452,−0.01004, 0.05199)eV leading to △m221 = 8.03×10−5eV 2 and
△m223 = 2.60× 10−3eV 2 respectively.
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3.2 Parametrisation of inverted hierarchy
We again consider two cases with m3 6= 0 and m3 = 0 respectively for
inverted hierarchical model, with only two parameters η and ǫ, in addition to
an overall mass scale m0. As discussed earlier, we do not expect zero texture
in 1-1 element in inverted hierarchical model.
Case (i) with m3 6= 0: A suitable parametrisation for mass matrix (1)
has the form[13],
mLL(IH) =

 1− 2ǫ −ǫ −ǫ−ǫ 1/2 1/2− η
−ǫ 1/2− η 1/2

m0. (19)
This gives the prediction of solar angle,
tan 2θ12 =
2
√
2
|(2− η/ǫ)| .
This leads to the condition for lowering solar mixing angle beyond tribimax-
imal mixing, |2 − η/ǫ| ≤ 1 which has two possibilities[13]: η/ǫ ≤ 1 and
η/ǫ ≥ 3. The corresponding numerical predictions are given in Table-3 for
three types: A, B, and C. Type A means mi = (m1, m2, m3), type B means
mi = (m1,−m2, m3) and type C means mi = (m1, m2,−m3) respectively,
which are related to CP phases. The result shows that these types have a
common mass matrix and hence a common origin.
For a demonstration, we cite numerical results for representative cases for
tan2 θ12 = 0.45. Type A: Taking input values for η/ǫ = 0.8405, η = 0.00465,
we getmi = (0.04918, 0.05003, 0.00023)eV leading to△m221 = 8.39×10−5eV 2
and △m223 = 2.50× 10−3eV 2.
Type B: With input values η/ǫ = 0.8405, η = 0.58715, we get mi =
(−0.05299, 0.05378, 0.02936)eV leading to△m221 = 8.38×10−5eV 2 and△m223 =
2.03× 10−3eV 2.
Type C: For input values for η/ǫ = 3.16, η = −0.017, we have mi =
(0.05028, 0.05111,−0.00085)eV leading to△m221 = 8.34×10−5eV 2 and△m223 =
2.61× 10−3eV 2. In all three cases we take m0 = 0.05eV as input.
Case (ii) with m3 = 0: Following eq.(14), we express eq.(19) in the
following form of mass matrix,
mLL(IH) =


1− 2ǫ −ǫ −ǫ
−ǫ 1/2− η/2 1/2− η/2
−ǫ 1/2− η/2 1/2− η/2

m0. (20)
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The numerical predictions are given in Table-4 (for type B), Table-5 (for
type A) and Table-6 ( for type C) for the range of solar angle, tan2 θ12 =
(0.5− 0.35).
We again give corresponding results for tan2 θ12 = 0.45 in three types.
Type A: Taking input values for η/ǫ = 0.8405, η = 0.00445 and m0 =
0.05eV , we get mi = (0.04922, 0.05003, 0.0)eV leading to △m221 = 8.03 ×
10−5eV 2 and △m223 = 2.50× 10−3eV 2.
Type B: With input values η/ǫ = 0.8405, η = 0.58695 and m0 = 0.048eV ,
we get mi = (−0.05084, 0.05163, 0.0)eV leading to △m221 = 8.06 × 10−5eV 2
and △m223 = 2.58× 10−3eV 2.
Type C: For input values for η/ǫ = 3.16, η = −0.01645 and m0 = 0.05eV ,
we have mi = (0.05027, 0.05107, 0.0)eV leading to △m221 = 8.06 × 10−5eV 2
and △m223 = 2.61× 10−3eV 2.
3.3 Understanding the parametrisation in neutrino mass
matrices
A: Inverted hierarchy: In order to understand the form of mass matrix
parametrised in eq.(19), we start with two parts[24] of neutrino mass matrix,
mLL = m
o
LL + ∆mLL, which can be diagonalised by tri-bimaximal mixing
matrix (5). For the inverted hierarchy the structure of the dominant term
moLL having µ-τ symmetry, is given by
moLL =

 1 0 00 12 12
0 1
2
1
2

m0. (21)
which is diagonalised as
OT23m
o
LLO23 =


1 0 0
0 1 0
0 0 0

m0 (22)
The second perturbative term ∆mLL can also be diagonalised by (O23O12),
∆mLL =


2 1 1
1 0 1
1 1 0

m0(−η) (23)
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where η is a very small parameter. The diagonalisation with tri-bimaximal
mixing matrix (5),
(O23O12)
T∆mLL(O23O12) = O
T
12(O
T
23∆mLLO23)O12
gives
OT12O
T
23

 2 1 11 0 1
1 1 0

O23O12m0(−η) (24)
= OT12


2
√
2 0√
2 1 0
0 0 −1

O12m0(−η) (25)
=

 3 0 00 0 0
0 0 −1

m0(−η). (26)
Thus, from eqs.(22) and (26), the diagonalisation of the total mass matrix,
UTTBMmLLUTBM = O
T
23m
o
LLO23 + (O23O12)
T∆mLL(O23O12)
leads to
=


1− 3η 0 0
0 1 0
0 0 η

m0. (27)
The deviation of solar angle from tri-bimaximal mixings can be introduced
through the replacement ∆mLL by ∆m
′
LL using a flavor twister x =
ǫ
η
where
∆m′LL =


2x x x
x 0 1
x 1 0

m0(−η) (28)
which still has µ-τ symmetry. This can be diagonalised by O23 but O12 is
now replaced by a new matrix O′12. Thus O
′T
12(O
T
23∆m
′
LLO23)O
′
12 leads to
O′T12O
T
23

 2x x xx 0 1
x 1 0

O23O′12m0(−η) (29)
= O′T12


2x 2x/
√
2 0
2x/
√
2 1 0
0 0 −1

O′12m0(−η) (30)
10
=
 (1 + 2x+ y)/2 0 00 (1 + 2x− y)/2 0
0 0 −1

m0(−η) (31)
where y =
√
1− 4x+ 12x2. The new solar angle calculated from O′12, is now
given by
tan 2θ12 = | 2
√
2
2− 1/x |
The corresponding new mass eigenvalues for m′LL are calculated as
m1,2 =
mo
2
[2− η(1 + 2x± y)];m3 = ηmo (32)
After identification of x = ǫ/η , we obtain the same mass matrix(19).
B.Normal Hierarchy:
In case of normal hierarchy(17), we start with two parts[24] of neutrino
mass matrix,mLL = m
o
LL+∆mLL, which can be diagonalised by tribimaximal
mixing matrix(5). The structure of the dominant term moLL having µ-τ
symmetry, can be taken as
moLL =

 0 0 00 1 −1
0 −1 1

m0 (33)
which can be diagonalised by
OT23m
o
LLO23 =

 0 0 00 0 0
0 0 2

m0. (34)
However, the second term ∆mLL which can be diagolanised by (O23O12), can
be taken as
∆mLL =

 2 1 11 1 0
1 0 1

m0(−ǫ) (35)
where ǫ is a very small real parameter. The diagonalisation of eq.(35) with
tribimaximal mixing matrix,
(O23O12)
T∆mLL(O23O12) = O
T
12(O
T
23∆mLLO23)O12
11
leads to
OT12O
T
23

 2 1 11 1 0
1 0 1

O23O12m0(−ǫ) (36)
= OT12

 2
√
2 0√
2 1 0
0 0 1

O12m0(−ǫ) (37)
=

 3 0 00 0 0
0 0 1

m0(−ǫ). (38)
From eqs.(34) and (38), the diagonalisation,
UTTBMmLLUTBM = O
T
23m
o
LLO23 + (O23O12)
T∆mLL(O23O12),
leads to
=

 −3ǫ 0 00 0 0
0 0 (2− ǫ)

m0. (39)
The deviation of solar angle from tribimaximal mixings can be done through
the replacement ∆mLL by ∆m
′
LL using a flavor twister x =
η
2ǫ
,
∆m′LL =

 2x 1 11 1 0
1 0 1

m0(−ǫ). (40)
which still obeys µ-τ symmetry and can be diagonalised by O23. Thus
O′T12(O
T
23∆m
′
LLO23)O
′
12
leads to
O′T12O
T
23


2x 1 1
1 1 0
1 0 1

O23O′12m0(−ǫ) (41)
= O′T12

 2x
√
2 0√
2 1 0
0 0 1

O′12m0(−ǫ) (42)
12
tan2 θ12 η/ǫ range of ǫ △m221(10−5eV 2) △m223(10−3eV 2)
0.500 0.0 0.1640− 0.1880 6.77− 8.83 2.75− 2.64
0.450 −0.1595 0.1762− 0.2025 6.71− 8.86 2.70− 2.59
0.382 −0.4142 0.2080− 0.2380 6.74− 8.82 2.57− 2.45
0.350 −0.5538 0.2356− 0.2707 6.72− 8.87 2.46− 2.31
Table 1: Normal hierarchy with non-zero 1-1 term (X 6= 0) in the texture. Input value
of m0 = 0.029eV .
tan2 θ12 η/ǫ range of ǫ △m221(10−5eV 2) △m223(10−3eV 2)
0.50 0.0 0.175− 0.195 7.20− 8.94 2.52− 2.44
0.45 −0.1595 0.160− 0.180 7.11− 9.00 2.64− 2.57
0.35 −0.5538 0.135− 0.150 7.16− 8.85 2.87− 2.83
Table 2: Normal hierarchy with zero 1-1 term (X = 0) in the texture and m0 = 0.028eV
=


(1 + 2x− y)/2 0 0
0 (1 + 2x+ y)/2 0
0 0 1

m0(−ǫ) (43)
where y =
√
9− 4x+ 4x2 and new O′12 can be obtained in principle. The
new solar mixing angle is given by
tan 2θ12 =
2
√
2
2x− 1
The corresponding new mass eigenvalues for m′LL are
m1,2 =
mo
2
[−ǫ ± η ± ǫy];m3 = (2− ǫ)mo. (44)
After substitution of x = η/(2ǫ), we recover the earlier mass matrix in
eq.(17). For the value x = 0, we have the tribimaximal condition O12 = O
′
12
leading to tan2 θ12 = 0.5.
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Type tan2 θ12 η/ǫ range of η △m221(10−5eV 2) △m223(10−3eV 2)
A 0.50 1.0 0.0048− 0.0064 7.15− 9.51 2.50− 2.50
B 0.50 1.0 0.6607− 0.6618 9.50− 7.20 1.41− 1.41
C 0.50 3.0 −0.0187 to −0.0142 9.41− 7.20 2.63− 2.60
A 0.45 0.8405 0.0040− 0.0053 7.29− 9.54 2.5− 2.5
B 0.45 0.8405 0.5865− 0.5878 9.52− 7.27 2.03− 2.03
C 0.45 3.1600 −0.0193 to −0.0147 9.47− 7.24 2.63− 2.60
A 0.35 0.4462 0.0020− 0.0026 7.22− 9.30 2.51− 2.51
B 0.35 0.4462 0.3622− 0.3628 9.43− 7.22 4.01− 4.01
C 0.35 3.5500 −0.0206 to −0.0157 9.50− 7.20 2.63− 2.60
Table 3: Inverted hierarchy with m3 6= 0 for Type A, Type B, and Type C, explained in
the text. Input value of m0 = 0.05eV .
tan2 θ12 η/ǫ range of η △m221(10−5eV 2) △m223(10−3eV 2)
0.500 1.0 0.6601− 0.6615 8.99− 7.09 2.304− 2.304
0.450 0.8405 0.5864− 0.5875 8.96− 7.15 2.665− 2, 666
0.382 0.5858 0.4495− 0.4502 8.86− 7.14 3.436− 3.438
0.350 0.4462 0.3621− 0.3627 8.97− 6.99 3.995− 3.999
Table 4: Inverted hierarchy with Type B:mi = (m1,−m2, 0). Input valuem0 = 0.048eV .
tan2 θ12 η/ǫ range of η △m221(10−5eV 2) △m223(10−3eV 2)
0.50 1.0000 0.0048− 0.0060 7.15− 8.92 2.500− 2.500
0.45 0.8405 0.0039− 0.0050 7.05− 9.02 2.503− 2.503
0.35 0.4462 0.0020− 0.0025 7.20− 8.98 2.510− 2.510
Table 5: Inverted hierarchy with Type A: mi = (m1,m2, 0), m0 = 0.05eV
tan2 θ12 η/ǫ range of η △m221(10−5eV 2) △m223(10−3eV 2)
0.50 3.00 −0.0176 to −0.0142 8.93− 7.18 2.610− 2.596
0.45 3.16 −0.0182 to −0.0147 8.93− 7.20 2.610− 2.596
0.35 3.55 −0.0195 to −0.0157 8.99− 7.22 2.622− 2.598
Table 6: Inverted hierarchy with Type C: mi = (m1,m2, 0), m0 = 0.05eV
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4 Effects of renormalisation group analysis in
MSSM for large tan β
There are excellent papers[3,23, 25,26] devoted to radiative corrections on
neutrino masses and mixings, and on Quark-Lepton Complementarity rela-
tion. However the problem with inverted hierarchy with opposite CP-parities
in the first two mass eigenvalues (type B), is not yet settled completely. In
particular, it has been shown with analytic calculations in Ref.[23] that for
large tan β = 50 the radiatively generated low-scale value of △m221 has a
negative sign and this contradicts the experimental data. We are interested
here to examine this conjecture for high-scale input value of solar angle given
by tribimaximal mixing and below. The effect of non-zero value of m3 on
the evolution of mixing angles as well as △m221 will be investigated in greater
details. We take high-scale input values of θ13 = 0 and θ23 = π/4 in the
numerical analysis.
We start with a very brief outline on the procedure of RG analysis without
phases, while referring for details to our earlier works[27,28]. The effects of
quantum radiative corrections of neutrino masses and mixings in MSSM, lead
to the low-energy neutrino mass matrix,
mLL(t0) ∼

 X(tu) Y (tu) Y (tu)e
−Iτ
Y (tu) Z(tu) W (tu)e
−Iτ
Y (tu)e
−Iτ W (tu)e
−Iτ Z(tu)e
−2Iτ

R0 (45)
where
R0 = exp[(6/5)Ig1 + 6Ig2 − 6Itop],
Igi =
1
16π2
∫ tu
t0
g2i (t)dt, i = 1, 2, 3,
Ihf =
1
16π2
∫ tu
t0
h2f(t)dt, f = top, b, τ,
t = ln(µ/1GeV ), t0 = ln(mt/1GeV ), tu = ln(MU/1GeV ).
The above analytic solution of the neutrino mass matrix at low-energy scale
is possible only where charged lepton mass matrix is diagonal. We have also
neglected h2e, h
2
µ compared to h
2
τ , and for large tan β ∼ 55− 60, we can take
R0 ∼ 1 and c = eIτ ∼ 1.06. Thus the low-energy mass matrix (45) has the
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form,
mLL(t0) ∼

 X Y Y/cY Z W/c
Y/c W/c Z/c2

R0. (46)
In this approach the neutrino mass matrix evolves as a whole from high scale
to low scale, and diagonalisation of the mass matrix at any particular energy
scale leads to the physical neutrino mass eigenvalues as well as mixing angles.
This approach is numerically consistent with other approach where neutrino
mass eigenvalues and three mixings angles evolve separately through coupled
RG equations. In MSSM we have the following RG equations[29],
d
dt
mi =
1
16π2
[(−6
5
g21 − g22 + 6h2t ) + 2h2τU2τi]mi, i = 1, 2, 3, (47)
ds12
dt
=
1
16π2
h2τc12[c23s13s12Uτ1A31 − c23s13c13Uτ2A32 + Uτ1Uτ2A21], (48)
ds13
dt
=
1
16π2
h2τ c23c
2
13[c12Uτ1A31 + s12Uτ2A32], (49)
ds23
dt
=
1
16π2
h2τc
2
23[−s12Uτ1A31 + c12Uτ2A32] (50)
where Aki =
mk+mi
mk−mi
and Ufi are the elements in MNS matrix(3) parametrised
by (neglecting CP Dirac phase),
UMNS =


c13c12 c13s12 s13
−c23s12 − c12s13s23 c12c23 − s12s13s23 c13s23
s12s23 − c12s13c23 −c12s23 − c23s13s12 c13c23

 (51)
where sij = sin θij and cij = cos θij respectively.
We follow the standard procedure for a complete numerical analysis of
the RGEs for neutrino masses and mixing angles in two consecutive steps (i)
bottom-up running in the first place where running of third family Yukawa
couplings and three gauge couplings in MSSM, are carried out from top-
quark mass scale at low energy end to high energy scale[30] . In the present
analysis we consider the high scale value as the unification scale, MU =
1.6 × 1016GeV , with large tanβ = 60 as input value. For simplicity of the
calculation we take approximately the SUSY breaking scale at the top-quark
mass scale t0 = ln(mt). We adopt the standard procedure to get the values
of gauge couplings at top-quark mass scale from experimental data, using
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one-loop RGEs, assuming the existence of one-light Higgs doublet and five
quark flavors below top-quark scale. The values of three Yukawa couplings
and three gauge couplings are calculated at high unification scale. (ii) In the
second top-down approach, the runnings of three neutrino masses and three
mixing angles are carried out simultaneously with the running of Yukawa and
gauge couplings, from high to low scale, using the input values of Yukawa
and gauge couplings evaluated in the first stage of running[28].
The normal hierarchical model is almost stable under radiative correc-
tion[3,4] and is of little interest. This is evident from the fact that the 1-1
term in the mass matrix is almost zero. There is a mild increase in both solar
and atmospheric mixing angles while running from high to low scale. The
mass splitting is found to be acceptable and we are not repeating the same
investigation here.
The evolution of neutrino masses with energy scale in case of inverted
hierarchical model with opposite CP-parities, is highly affected with the high
scale input value of the solar mixing angle. We observe that the model is not
stable for input value of solar angle below θ12 = 37
◦ at large tan β values.
We summarise the following points:
In Fig.1 we show the level crossing of the magnitudes of two mass eigen-
values |m1| and |m2| at around θ21 = 35.24◦, leading to a negative value for
△m221 at low energy scale. This fact is shown in Fig.2 for three different high
scale input values of solar mixing angles. For higher value tan2 θ12 = 0.8,
low energy value of △m221 falls in the positive range, but for tan2 θ12 = 0.5
and tan2 θ12 = 0.4, it falls in the negative range due to level crossing of first
two mass eigenvalues. The sensitivity of the low energy △m221 with high
scale input solar mixing angle is shown in Fig.3. In the analysis we take
high scale input values: m1 = −0.04918eV , m2 = 0.05eV , m3 = 0.03306eV ,
sin θ23 = 0.70711 and sin θ13 = 0 respectively.
The effect of non-zero input value of m3 at high scale, is important for
maintaining the stability of △m221. Even for larger solar angle tan θ12 = 0.8,
case with m3 = 0.033eV gives better result than the case with m3 = 0, and
this point is demonstrated in Fig.5. This definitely lies outside the observed
data. However, zero value of m3 is useful for stability of the evolution for
atmospheric angle. Fig.4 depicts the evolution of sin θ23 (upper pair) for two
values of m3 = 0 and m3 = 0.033eV , respectively. In case of solar angle the
effect of m3 is negligible.
In short, the inverted hierarchical model with opposite CP-parities, is not
so stable under RG running in MSSM for larger tanβ region where the effect
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of RG is maximum in △m221 and sin θ23. At low values of tan β, the RG
effects are normally small.
t = lnµ
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Fig.1 Evolution of the difference of the magnitudes of first two neutrino
mass eigenvalues |m1| and |m2|, with energy scale ln(µ/1GeV ) in inverted
hierarchy. At lower energy scale there is the level crossing which makes
it negative. High scale input values are m1 = −0.04919eV , m2 = 0.05eV ,
m3 = 0.03306eV , sin θ23 = 0.70711, sin θ12 = 0.57735, sin θ13 = 0 respec-
tively.
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Fig.2 Evolution of △m2
21
with energy scale ln(µ/1GeV ) for different high
scale input values of solar angle (from top to bottom): tan2 θ12 = 0.8
(dashed-line), tan2 θ12 = 0.5 (solid line), tan
2 θ12 = 0.4 (dotted line).
Other input parameters are same as those in Fig.1. Corresponding graphs
for cases with m3 = 0 condition, will be more severe (see also in Fig.5).
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Fig.3 Sensitivity of low-energy values of △m2
21
versus different high scale
input values of solar mixing angles: tan2 θ12, as analysed in Fig.2. Other
input parameters are same as those in Fig.1.
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Fig.4 Evolution of sin θ23 for m3 = 0 and m3 = 0.033eV in the first two
from top; and of sin θ12 for m3 = 0 and m3 = 0.033eV in the last two,
respectively. Other input parameters are same as those in Fig.1.
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Fig.5 Evolution of △m2
21
with energy scale for two different values of m3 (
A: solid line form3 = 0.033eV and B: dashed line form3 = 0 ) respectively.
Case A is more stable than case B. Other high scale input values are same
as those in Fig.1 except for solar mixing angle tan2 θ12 = 0.8.
5 Estimation of the baryon asymmetry of the
Universe
We present the baryon asymmetries calculated from these mass models mLL
discussed in section 3, using the inverse seesaw formulaMRR = −mTLRm−1LLmLR.
In left-right symmetric models such as SO(10) GUT, the right-handed neu-
trino in addition to its role in seesaw mechanism, can also explain the baryon
asymmetry of the Universe through leptogenesis[31]. The heavy RH neutrino
being a Majorana neutrino, can have an asymmetric decay into lepton and
an anti-lepton with different rates for the lepton and the anti-lepton, thereby
generating a CP asmmetry which is one of the Shakarov’s three conditions[32]
required for generating the baryon asymmetry of the Universe.
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NR → lL + φ†
→ lL + φ
where lL is the lepton and l¯L is the antilepton[33]. For the temperature of
the Universe less than the mass of the decaying lightest of the heavy RH
neutrino, the out-of-equillibrium condition is reached as the inverse decay
is blocked. The CP asymmetry which is caused by the intereference of tree
level with one-loop corrections for the decays of lightest of heavy right-handed
Majorana neutrino N1 , is defined by[33,34] for standard model (SM) case,
ǫ1 =
3
16π
[
Im[(h†h)212]
(h†h)11
M1
M2
+
Im[(h†h)213]
(h†h)11
M1
M3
]
(52)
where h = m′LR/v is the Yukawa coupling of the Dirac neutrino mass matrix
defined in the basis where the right-handed neutrino mass matrix is diagonal.
Here M1,M2,M3 are the physical right-handed Majorana masses taken in
hierarchical order (M1 < M2 < M3).
For quasi-degenerate spectrum i.e., for M1 ≃ M2 < M3, the asymmetry
is largely enhanced by a resonance factor[16,34,35]. In such situation, the
lepton asymmetry is modified[34,35,36] to
ǫ1 =
1
8π
Im[(h†h)212]
(h†h)11
R (53)
where
R =
M2
2
(M2
2
−M2
1
)
(M2
1
−M2
2
)2+Γ2
2
M2
1
and Γ2 =
(h†h)22M2
8π
Again, the lepton asymmetry is further converted into baryon asymmetry via
a non-perturbative sphaleron process[37]. The ratio of baryon asymmetry to
entropy YB is related to the lepton asymmetry through the relation, YB =
wYB−L =
w
w−1
YL where w = (8NF + 4NH)/(22NF + 13NH). The baryon
asymmetry of the Universe YB is defined as the ratio of the baryon number
density ηB to the photon density ηγ where s = 7.04nγ. This can be compared
with the observational data YB = (6.21 ± 0.160 × 10−10. In SM it can be
expressed as
Y SMB ≃ dκ1ǫ1 (54)
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where d = 7.04 × 1
g∗
i
w
w−1
. For SM with NF = 3, NH = 1, g
∗
i = 106.75, we
have d ≃ 3.62 × 10−2. This value[38] can be compared with lower value
d ≃ 0.98× 10−2 used by other authors[7,17,39].
In the expression for baryon-to-photon ratio the efficiency factor (also
known as dilution factor) κ1 describes the washout factor of the lepton asym-
metry due to various lepton number violating processes. This factor mainly
depends on the effective neutrino mass m˜1 defined by
m˜1 =
(h†h)11v2
M1
where v is the vev of the standard model Higgs field v = 174 GeV.
For 10−2eV < m˜1 < 10
3eV , the washout factor κ1 can be well approximated
by[40,41]
κ1(m˜1) = 0.3
[
10−3eV
m˜1
] [
log
m˜1
10−3
]−0.6
(55)
For numerical estimation of the baryon asymmetry we start with the
given light Majorana neutrino mass matrix mLL having µ − τ symmetry
given in section 3 and then translate this mass matrix to MRR via inver-
sion of the seesaw formula MRR=−mTLRm−1LLmLR where mLR is the Dirac
neutrino mass matrix and MRR is the right-handed Majorana neutrino mass
matrix. For simplicity we consider the diagonal form of mLR, and as also
for three different possible choices of mLR namely (i) up-quark mass ma-
trix (m,n) = (8, 4), (ii) charged-lepton mass matrix (m,n) = (6, 2) and (iii)
down-quark mass matrix (m,n) = (4, 2), we choose a basis UR whereM
diag
RR =
UTRMRRUR=diag(M1,M2,M3) with real and positive eigenvalues[39]. We
transform mLR=diag(λ
m, λn, 1)v to the UR basis mLR → m′LR = mLRURQ ,
where
Q = diag(1, eiα, eiβ)
is the arbitrary Majorana phases responsible for CP violation. It can be
emphasised here that the origin of Majorana phases comes from MRR. Here
v = 174 GeV is the electroweak vev and λ ≃ 0.3 is the Wolfeinstein para-
mater. For non-zero CP asymmetry the Majorana phases (α, β) are different
from 0 and π/2. For diagonal Dirac mass matrices, the introduction of com-
plex Majorana phases in MNS mixing matrix and in the diagonalising matrix
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of right-handed Majorana mass matrix, have the same effect to get complex
Dirac mass matrices entered in the expression of CP asymmetry. In this
prime basis the Dirac neutrino Yukawa coupling becomes h =
m′
LR
v
. For
demonstration we first consider the normal hierarchical model as an example
given in eq.(17) for (1, 1) term is not zero (X 6= 0).
The mass eigenvalues for RH Majorana neutrinos areMdiagRR = diag(3.93×
1011, 4.09 × 1011, 2.87 × 1014)GeV . For this structure we find Im(h†h)11 =
7.5 × 10−3; κ1 = 1.8 × 10−4. The lepton asymmetry is found out to be
4.59× 10−3. Thus following above equations (52,53) we calculate Y SMB to be
3.77×10−8 takingmLR to be charged lepton mass matrix (case (ii)). ThemLL
has shown good prediction of correct neutrino mass parameters and mixing
angles consistent with the recent data : ∆m221 = 7.1 × 10−5eV 2,∆m223 =
2.7 × 10−3eV 2. The results for the other cases are given in the tables 7-16.
In the calculation we consider the three possible choices (m,n) of diagonal
Dirac mass matrices mLR = diag(λ
m, λn, 1)v. Throughout the calculation
we fix the choice of values of the phases (α, β) = (π/4, π/4) as it gives the
maximum numerical values of baryon asymmetry.
In tables 8,10 and 12, the predicted values of baryon asymmetry YB for
inverted hierarchical neutrino mass models, lie on the lower side. Specially for
Type A inverted hierarchy (IHA) we find the range YB < 10
−14 for tan2θ12 =
0.50−0.35. However Type B inverted hierarchy (IHB) leads to slightly better
result 10−14 < YB < 10
−9 for tan2θ12 = 0.50 but not so good for lower solar
angles. There is still some room to accommodate the observed data but if
we consider lower value of d = 0.96× 10−2 then the model fails to give good
results in both inverted hierarchical models.
From tables 14 and 16, the baryon asymmetry predictions 10−10 < YB <
10−8 from normal hierarcy (both models with X = 0 and X 6= 0 cases) are
consistent with observed data for wide range of values of tan2θ12 = 0.50−0.35.
These results can sustain even for lower value of d = 0.96× 10−2 parameter.
It can be emphasised here that the present calculation of baryon asym-
metry is based on the neutrino mass matrices obeying 2-3 symmetry for both
tribimaximal mixings and deviations of solar mixing from it, and hence only
Majorana phases are considered.
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tan2 θ12 type (m,n) M1 M2 M3
0.50 A (4,2) 4.01× 1010 9.73×1012 6.25×1016
0.50 A (6,2) 3.29× 108 9.73×1012 6.25×1016
0.50 A (8,4) 2.63× 106 7.94×1010 6.21×1016
0.05 B (4,2) -1.91× 1011 2.71×1012 5.59×1014
0.05 B (6,2) -9.99× 108 2.63×1012 5.59×1014
0.05 B (8,4) -8.09× 106 2.13×1010 5.57×1014
Table 7: Inverted hierarchical models (types A,B) with m3 6= 0, with the predicted
neutrino mass parameters, △m2
21
= 7.29×10−5eV 2 ( 8.50×10−5eV 2) and △m2
23
=
2.49×10−3eV 2 ( 2.30×10−3eV 2) for type A(B) respectively. The prediction of physi-
cal right-handed Majorana masses in GeV for different choices of Dirac neutrino mass
matrices (m,n).
tan2 θ12 type (m,n) (h
†h)11 k1 ǫ1 YB
0.50 A (4,2) 6.65× 10−5 2.95×10−3 1.92×10−10 2.50×10−14
0.50 A (6,2) 5.31× 10−7 2.95×10−3 1.56×10−12 2.02×10−16
0.50 A (8,4) 4.30× 10−9 2.95×10−3 1.26×10−14 1.64×10−18
0.50 B (4,2) 5.62× 10−4 8.83×10−4 3.05×10−5 1.18×10−9
0.50 B (6,2) 5.01× 10−6 8.83×10−4 2.69×10−7 1.05×10−11
0.50 B (8,4) 4.06× 10−8 8.83×10−4 2.18×10−9 8.42×10−14
Table 8: Predictions of ǫ1 the CP asymmetry, YB the baryon asymmetry for inverted
hierarchical models (A,B) in Table-7, with m3 6= 0, for tan2 θ12 =0.50.
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tan2 θ12 type (m,n) M1 M2 M3
0.45 A (4,2) 4.01× 1010 9.73×1012 6.59×1016
0.45 A (6,2) 3.25× 108 9.73×1012 6.59×1016
0.50 A (8,4) 2.63× 106 7.94×1010 6.54×1016
0.45 B (4,2) -9.76× 1010 2.89×1012 6.23×1014
0.45 B (6,2) -8.01× 108 2.82×1012 6.23×1014
0.45 B (8,4) -6.56× 106 2.29×1010 6.21×1014
Table 9: Inverted hierarchical models (types A,B) with m3 6= 0 for tan2 θ12 = 0.45 with
the predicted neutrino mass parameters, △m2
21
= 8.39×10−5eV 2 ( 8.30×10−5eV 2) and
△m2
23
= 2.51×10−3eV 2 ( 2.90×10−3eV 2) for type A(B) respectively. The predictions
of physical right-handed Majorana neutrino masses in GeV for different choices of Dirac
neutrino mass matrices (m,n).
tan2 θ12 type (m,n) (h
†h)11 k1 ǫ1 YB
0.45 A (4,2) 6.56× 10−5 2.90×10−3 2.46×10−10 3.20×10−14
0.45 A (6,2) 5.31× 10−7 2.90×10−3 2.04×10−12 2.59×10−16
0.45 A (8,4) 4.30× 10−9 2.90×10−3 1.61×10−14 2.09×10−18
0.45 B (4,2) 4.38× 10−4 8.83×10−4 2.10×10−5 8.66×10−10
0.45 B (6,2) 3.82× 10−6 8.83×10−4 1.97×10−7 7.64×10−12
0.45 B (8,4) 3.09× 10−8 8.83×10−4 1.59×10−9 6.18×10−14
Table 10: Predictions of ǫ1 the CP asymmetry, YB the baryon asymmetry for inverted
hierarchical modelS (A,B) presented in Table-9 with m3 6= 0 for tan2 θ12 = 0.45
27
tan2 θ12 type (m,n) M1 M2 M3
0.35 A (4,2) 4.01× 1010 9.73×1012 1.39×1017
0.35 A (6,2) 3.25× 108 9.73×1012 1.39×1017
0.35 A (8,4) 2.63× 106 7.94×1010 1.37×1017
0.35 B (4,2) -6.27× 1010 1.37×1012 9.50×1014
0.35 B (6,2) -5.15× 108 3.14×1012 9.50×1014
0.35 B (8,4) -4.17× 106 2.55×1010 9.45×1014
Table 11: Inverted hierarchical models (types A,B) with m3 6= 0 for tan2 θ12 = 0.35 with
the predicted neutrino mass parameters, △m2
21
= 7.90×10−5eV 2 ( 8.65×10−5eV 2) and
△m2
23
= 2.50×10−3eV 2 ( 4.0 ×10−3eV 2) for type A(B) respectively. The predictions of
physical right-handed Majorana masses in GeV for different choices of Dirac mass matrices
(m,n).
tan2 θ12 type (m,n) (h
†h)11 k1 ǫ1 YB
0.35 A (4,2) 6.56× 10−5 2.90×10−3 4.20×10−10 2.54×10−14
0.35 A (6,2) 5.31× 10−7 2.90×10−3 1.58×10−12 2.05×10−16
0.35 A (8,4) 4.30× 10−9 2.90×10−3 2.82×10−14 1.66×10−18
0.35 B (4,2) 2.76× 10−4 8.83×10−4 1.26×10−5 4.88×10−10
0.35 B (6,2) 2.32× 10−6 8.83×10−4 1.08×10−7 4.19×10−12
0.35 B (8,4) 1.88× 10−8 8.83×10−4 8.73×10−10 3.39×10−14
Table 12: Predictions of ǫ1 the CP asymmetry, YB the baryon asymmetry for inverted
hierarchical models (A,B) presented in Table-11 with m3 6= 0 for tan2 θ12 = 0.35.
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tan2 θ12 (m,n) M1 M2 M3
0.50 (4,2) 3.59× 1012 -5.48×1012 2.89× 1014
0.50 (6,2) 3.93× 1011 -4.09× 1011 2.87× 1014
0.50 (8,4) 3.19× 109 -3.22× 109 2.85× 1014
0.45 (4,2) 1.83× 1012 -2.64× 1013 9.79× 1013
0.45 (6,2) 1.93× 1010 -2.11× 1013 9.43× 1013
0.45 (8,4) 1.56× 108 -2.21× 1011 7.28× 1013
0.35 (4,2) 4.81× 1011 2.48× 1013 -1.80× 1014
0.35 (6,2) 4.01× 109 2.43× 1013 -1.80× 1014
0.35 (8,4) 3.24× 107 2.29× 1014 -1.55× 1014
Table 13: Predictions ofM1,M2,M3 in GeV for different (m,n) for Dirac mass matrices,
in the normal hierarchical model for case X = m(1, 1) 6= 0. The predicted neutrino mass
parameters are △m2
21
(△m2
23
) = 7.1 × 10−5eV 2(2.1 × 10−3eV 2), 6.68 × 10−5eV 2(2.67 ×
10−3eV 2), 6.9× 10−5eV 2(2.4× 10−3eV 2 for tan2θ12 = 0.50, 0.45, 0.35 respectively.
tan2 θ12 (m,n) m˜ (h
†h)11 κ1 ǫ1 YB
0.50 (4,2) 4.3× 10−11 5.1×10−3 3.4×10−3 4.50× 10−4 6.75× 10−8
0.50 (6,2) 5.8× 10−10 7.5×10−3 1.8×10−4 4.59× 10−3 3.77× 10−8
0.50 (8,4) 5.8× 10−10 6.1×10−5 1.8×10−4 3.62× 10−5 2.96× 10−10
0.45 (4,2) 4.1× 10−11 2.4×10−3 3.7×10−3 5.54× 10−4 9.03× 10−8
0.45 (6,2) 6.6× 10−11 4.2×10−5 2.0×10−3 8.63× 10−6 7.56× 10−10
0.45 (8,4) 6.6× 10−11 3.4×10−7 2.0×10−3 1.47× 10−7 1.28× 10−11
0.35 (4,2) 2.8× 10−11 4.5×10−4 5.2×10−3 8.85× 10−5 2.07× 10−8
0.35 (6,2) 3.0× 10−11 3.9×10−6 5.2×10−3 3.59× 10−7 7.93× 10−11
0.35 (8,4) 3.0× 10−11 3.2×10−8 5.2×10−3 8.99× 10−9 2.07× 10−12
Table 14: Predictions of ǫ1 and YB for various values of tan2 θ12 for normal hierarchical
model, Case(i)X=m(1,1)6= 0 presented in Table-13 .
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tan2 θ12 (m,n) M1 M2 M3
0.50 (4,2) 3.57× 1012 -5.29×1012 3.01× 1014
0.50 (6,2) 3.85× 1011 -3.99× 1011 2.99× 1014
0.50 (8,4) 3.13× 109 -3.25× 109 2.97× 1014
0.45 (4,2) 3.72× 1012 -5.67× 1012 2.95× 1014
0.45 (6,2) 4.07× 1011 -4.23× 1011 2.93× 1014
0.45 (8,4) 3.31× 109 -3.44× 109 2.91× 1014
0.35 (4,2) 4.28× 1012 -7.25× 1012 2.84× 1014
0.35 (6,2) 4.92× 1011 -5.16× 1011 2.81× 1014
0.35 (8,4) 4.00× 109 -4.21× 109 2.79× 1014
Table 15: Predictions of M1,M2,M3 in GeV for different (m,n) in Dirac mass matrices,
in the normal hierarchical model for case X = m(1, 1) = 0. The predicted neutrino
mass parameters are △m2
21
(△m2
23
) = 7.5×10−5eV 2(2.4×10−3eV 2), 7.9×10−5eV 2(2.59×
10−3eV 2), 7.2× 10−5eV 2(2.8× 10−3eV 2) for tan2θ12 = 0.50, 0.45, 0.35 respectively
tan2 θ12 (m,n) m˜ (h
†h)11 κ1 ǫ1 YB
0.50 (4,2) 4.4× 10−11 5.2×10−3 3.6×10−3 5.08× 10−4 8.09× 10−8
0.50 (6,2) 5.9× 10−10 7.0×10−3 1.8×10−4 4.91× 10−3 3.93× 10−8
0.50 (8,4) 5.9× 10−10 6.2×10−5 1.8×10−4 3.88× 10−5 3.09× 10−10
0.45 (4,2) 4.1× 10−11 5.1×10−3 3.5×10−3 4.39× 10−4 6.83× 10−8
0.45 (6,2) 5.6× 10−10 7.5×10−3 1.9×10−4 4.6× 10−3 3.90× 10−8
0.45 (8,4) 5.6× 10−10 6.1×10−5 1.9×10−4 3.68× 10−5 3.09× 10−10
0.35 (4,2) 3.6× 10−11 5.2×10−4 4.2×10−3 2.2× 10−4 4.47× 10−8
0.35 (6,2) 4.5× 10−10 7.3×10−3 2.4×10−4 3.75× 10−4 4.03× 10−8
0.35 (8,4) 4.5× 10−10 6.0×10−5 2.4×10−4 2.98× 10−5 3.18× 10−10
Table 16: Predictions of ǫ1 and YB for various values of tan2 θ12 for normal hierarchical
model with Case(ii)X=0 presented in Table-15
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6 Summary and discussions
We summerise the main points in this work. We give a very brief overview on
the phenomenology of the neutrino mass matrices obeying µ-τ symmetry[6].
Different neutrino mass models based on normal as well as inverted hierar-
chy, are outlined. We then introduce the parametrisation of mass matrices
with only two parameters, and their ratio determines the value of the solar
mixing angle. The actual values of these parameters are then fixed by the
experimental bounds on neutrino mass scales. Such parametrisation not only
gives a firm handle on the analysis of the mass matrices but also lowers the
solar mixing angle up to the range tan2 θ12 = 0.50 − 0.35 without affecting
atmospheric and Chooz mixing angles from the tribimaximal mixings. The
detailed numerical analysis for different forms of mass matrices obeying the
µ-τ reflection symmetry, are given in Tables 1-6. However such treatment
for degenerate mass matrices are difficult to realise in nature. All the pre-
dictions are in excellent agreement with data except inverted hierarchy type
B in table 3 where m3 6= 0. Here △m223 is highly dependent on solar mixing
angle, and has best predicted value at around tan2 θ12 ≤ 0.45.
We also address very briefly the stability question of the neutrino mass
models under radiative corrections in MSSM, particularly the inverted hier-
archy with CP odd in the first two mass eigenvalues. We find that for large
tanβ ∼ 58 − 60, the model is not stable under RG running. The evolu-
tion of solar mass scale with energy is highly dependent on the input high
scale value of solar angle. Solar angle predicted by tribimaximal angle and
below, does not lead to stability of the model. Similarly, the evolution of at-
mospheric mixing angle with energy scale shows sharp decrease for the case
m3 6= 0 condition, making the model unstable. However non-zero value of
m3 maintains the stability of the evolution of solar mass scale. this implies
that tribimaximal mixings with inverted hierarchy are not so stable under
RG analysis in MSSM. Normal hierarchical models are generally stable under
RG analysis in MSSM whereas inverted hierarchy type A models are highly
unstable. In a self consistent way we apply these mass matrices for the pre-
diction of baryon asymmetry of the universe via leptogenesis and we find that
only normal hierarchical model gives good results consistent with observed
data. The three theoretical pieces of predictions presented in the work, show
that normal hierarchical model appears to be more favourable in nature than
inverted hierarchical models. The perametrisation presented here is by no
means unique but the analysis presented here strengthens the foundation of
31
µ-τ symmetry in neutrino sector, based on realistic GUT models.
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